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NATIONAL AERONAUTICS AND SPACE ADMTNISTRATION 

TECHNICAL MEMORANDUM X-350 

DYNAMIC STABILITY AND DISPERSION OF A PROJECT MEBCURY 

TEST CAPSULE UPON ENTERING THE ATMOSPHERE, WITH 

EFFECTS OF ROLL RATE, CENTER-OF-GRAVITY 

DISPLACEMENT, AND THRESHOLD OF A 

RATE-REACTION CONTROL SYSTEM" 

By Byron M. Jaquet 

SUMMARY 

An a n a l y t i c a l  inves t iga t ion  was made t o  determine the  e f f e c t s  of 
i n i t i a l  roll rate, r e l a t i v e  displacement between the  center  of g rav i ty  
and t h e  center  of pressure,  and threshold of a reac t ion  cont ro l  system 
responding t o  p i tch ,  yaw, and roll r a t e s  on t h e  dynamic s t a b i l i t y  of a 
Project  Mercury tes t  capsule during reent ry  from an a l t i t u d e  of 
450,000 f e e t .  The dispers ion a rea  a t  a Mach number of 1.0, t he  point  
of first parachute deployment, a l s o  was determined. Although dispers ion 
a reas  a r e  somewhat e l l i p t i c a l ,  c i r cu la r  a reas  were used here in  f o r  
convenience. 

With the  cont ro l  system operat ive a t  a l l  times the  angle of a t t ack  
a t  a Mach number of 1.0 was i n  a l l  cases less than about 22'; whereas, 

with t h e  control  system inoperat ive a t  a l l  times t h e  capsule a t t a ined  
an angle of a t t ack  of about 20'. 
t h e  center  of grav i ty  and t h e  center  of pressure was increased from 1/4 
t o  1/2 inch (cont ro l  system operat ive) ,  t h e  trim angle of a t t ack  w a s  
general ly  doubled f o r  a l t i t u d e s  below about 300,000 f e e t  but had a neg- 
l i g i b l e  e f f e c t  on the  amplitude of o s c i l l a t i o n .  An increase i n  control-  
system threshold from 0.5 deg/sec t o  1.0 deg/sec allowed t h e  capsule t o  
reach g rea t e r  amplitudes of o s c i l l a t i o n  but d id  not appreciably a f f e c t  
t h e  trim angle of a t tack .  

2 

When t h e  r e l a t i v e  displacement between 

For a 1/4-inch center-of-gravity o f f s e t  and a 1.0 deg/sec threshold,  
t he  use of an i n i t i a l  r o l l  rate of 1 r p m  reduced t h e  dispers ion area from 

-itle, Unclassified.  
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a c i r c l e  of approximately 8.9 nau t i ca l  miles i n  diameter f o r  t he  no-spin 
case t o  one of about 0.25 nau t i ca l  mile i n  diameter f o r  t he  r o l l i n g  case. 
For t he  r o l l i n g  capsule, with a 1.0 deg/sec threshold,  an increase i n  
center-of-gravity o f f s e t  from 1/4 t o  1/2 inch about doubled the  diameter 
of t he  dispers ion c i r c l e .  

The control  system, i n  general ,  reduced the  p i t c h  and yaw r a t e s  t o  

The time required t o  reduce these  r a t e s  
within the  threshold a f t e r  a r b i t r a r y  disturbances were introduced i n  the  
angle of a t t ack  and the  r a t e s .  
var ied considerably wi th  the a l t i t u d e  a t  which the  disturbances were 
introduced. With the  cont ro l  system inoperative a t  a l l  times the  cap- 
su le ,  with an i n i t i a l  reen t ry  angle of a t t ack  of 00, experienced maximm 
p i t c h  and yaw r a t e s  a t  about a Mach number of 1.0, the  point  of f irst  
parachute deployment. The peak r a t e s  were 4 1  deg/sec and 24 deg/sec for 
p i t c h  and yaw, respect ively.  

INTRODUCTION 

In  t h e  development program of Project  Mercury a number of preliminzry 
unmanned f l i g h t s  of t he  capsule a r e  contemplated. Among these  f l i g h t s  
are various simulated e n t r i e s  i n t o  the  atmosphere from an o r b i t a l  path.  
I n  order t o  obtain some indica t ion  of t he  expected behavior of t he  cap- 
su l e  during i t s  reent ry  and descent through the  atmosphere, t he  Space 
Task Group of the  National Aeronautics and Space Administration has 
requested the  Langley Missi le  Systems Section t o  inves t iga te  the  dynamic 
behavior of a Mercury type t e s t  capsule during descent from an a l t i t u d e  
of 450,000 f e e t .  Reference 1 gives the  r e s u l t s  of a general  study of t h e  
behavior of such capsules.  The present inves t iga t ion  included t h e  e f f e c t s  
of i n i t i a l  roll rate, r e l a t i v e  l a t e r a l  displacement between t h e  center  of 
pressure and the  center  of grav i ty ,  and control-system threshold on the  
dynamic behavior of the capsule. 
w a s  t o  occur when the  capsule ve loc i ty  decreased t o  a Mach number of 1.0, 
t h e  dispers ion area at  t h i s  point  was determined. The control  system 
used i n  t h i s  inves t iga t ion  was a je t - reac t ion  on-off type responding t o  
p i tch ,  yaw, and r o l l  r a t e s .  The e f f e c t  of i n i t i a l  roll r a t e  on the  con- 
d i t i o n  of resonance t h a t  occurs when roll rate and p i t c h  or yaw f r e -  
quencies a r e  coincident (refs. 2 and 3) was determined with the  control  
system inoperat ive.  

Since the  f i r s t  parachute deployment 

In  addi t ion  t o  t h e  complete t r a j e c t o r y  calculat ions,  t he  e f f e c t s  
of a r b i t r a r y  s t ep  disturbances i n  angle of a t t ack  and i n  p i t c h  and yaw 
rates on t h e  s t a b i l i t y  of t he  capsule and on t h e  a b i l i t y  of t h e  control  
system t o  handle such disturbances were invest igated.  

A l l  ca lcu la t ions  were made on an IBM 704 e l ec t ron ic  da ta  processing 
machine f o r  a spher ica l  nonrotating ea r th .  
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SYMBOLS 

The symbols and coe f f i c i en t s  used with the  equations of motion 
given i n  appendices A and B a r e  r e fe r r ed  t o  the  axes system shown i n  
f igu re  1. 

A reference a rea  (area a t  maximum diameter),  sq  f t  

A VR 
-AV, 

dece lera t ion ,  - 

a speed of sound, f t / s e c  

CX 
Force along Xb-axis 

&A 
coef f ic ien t  of force  along Xb-axis, 

Force along Y-axis 

QP 
coef f ic ien t  of force  along Y-axis, 

rate of change of side-force coef f ic ien t  with angle of 
dCY 

“y 

‘Ya 
a t t ack  i n  XY-plane, -, per  radian 

CZ 
Force along Z-axis  

&A 
coef f ic ien t  of force along Z-axis, 

rate of change of normal-force coe f f i c i en t  w i t h  angle of 
Z a  

C 

a t t ack  i n  XZ-plane, *, per  radian 
h z  

Moment about Y-axis 
QAd 

moment coef f ic ien t  about Y-axis, Cm 

9 
Cm 

damping-in-pitch coe f f i c i en t ,  acm 

var i a t ion  of pitching-moment coef f ic ien t  with angle of 
I” 
OLrn =, per  radian a t t ack  i n  XZ-plane, 
7 
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Cn 

C 
"r 

Cn,j 

D 

h 

'b 
I 

IYb 

K 

M 

acce lera t ion  der iva t ive  due t o  rate of change of angle of 
a t t ack  i n  XbZb-plane, %l. 

Moment about Z-axis 

QAd 
moment coef f ic ien t  about Z-axis, 

damping-in-yaw coef f ic ien t ,  dcn 

va r i a t ion  of yawing-moment coef f ic ien t  with angle of 
a t t ack  i n  XY-plane, -, dcn per  radian 

% 
acce lera t ion  der iva t ive  due t o  r a t e  of change of angle 

r e l a t i v e  lateral  displacement between center  of pressure 
and center  of grav i ty  measured i n i t i a l l y  along Y-axis', 
f t  

maximum diameter of capsule, f t  

acce lera t ion  of g rav i ty  at  e a r t h ' s  surface,  32.2 f t / sec2  

heading angle (pos i t ive  when measured from east toward 
south) ,  deg 

a l t i t u d e  above surface of ear th ,  f t  , 

moment of i n e r t i a  about Xb-axis, s lug- f t  2 

moment of i n e r t i a  about Yb- and %-axes, s lug-f t2  

control-system threshold,  deg/sec 

Mach number, VR/a 
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P,q,r  

Q 

R 

R e  

t 

u,v,w 

a 

torque about Xb-,  Yb-, and %-axis, respect ively,  produced 
by control  system, f t - l b  * 

m a s s  of capsule, s lugs 

angular r a t e  about X-, Y-, and Z-axis, respect ively,  
radians/sec,  deg/sec, o r  r p m  

angular r a t e  about xb-, Yb-, and Zb-axis, respect ively,  
radians/sec or deg/sec 

dynamic pressure,  E VR 2 , lb/sq f t  

radial  dis tance from center  of ea r th  t o  center  of grav i ty  
of capsule, f t  

radius  of ear th ,  20.909 x lob, f t  

time, sec 

component of ve loc i ty  along X-, Y-, and Z-axis, respec- 
t i ve ly ,  f t / s e c  

r e su l t an t  ve loc i ty ,  f p s  

reference axes with o r ig in  a t  capsule center of gravi ty;  
plane containing Z-axis i s  always p a r a l l e l  t o  Z'X'-plane 
(see f i g .  1) 

body system of axes with o r ig in  a t  capsule center  of 
grav i ty  and r o l l i n g  through an angle 9 about X-axis 
which i s  coincident with Xb-axis 

reference axes with o r ig in  a t  center of ea r th  

reference axes with o r ig in  a t  capsule center  of grav i ty  
a t  dis tance R from center  of ea r th  and p a r a l l e l  t o  
Xi-, Yi-, and Zi-axes 

dis tance from o r ig in  along X i - ,  Y i - ,  and Zi-axis, respec- 
t i v e l y ,  t o  center  of g rav i ty  of capsule 

t o t a l  angle of a t tack ,  angle between capsule longi tudinal  
ax i s  and r e su l t an t  veloci ty ,  deg 

CONFIDENTIAL 



............... ....... . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . .  . . . . . . .  ............. &$J-p$gEpTEc.Iwi: *e:  6 

0 

Subscript  : 

0 

angle of a t t ack  i n  XY-plane, deg 

angle of a t t ack  i n  XZ-plane, deg 

0 

angle of s ides l ip ,  radians 

inc l ina t ion  of f l i g h t  path from l o c a l  horizontal ,  pos i t i ve  
f o r  nose up, deg 

angle of e levat ion of X- and Xb-axes above a plane para l -  
l e l  t o  XiZi-plane, radians 

angle of l a t i t u d e  of capsule, radians 

dens i ty  of a i r  (standard atmosphere t a b l e s  for dens i ty  
va r i a t ion  w i t h  a l t i t u d e ,  f r o m  Rocket Panel Proposal of 
Apri l  1955), slugs/cu f t  

r o l l  angle about X- and Xb-axes, radians o r  deg 

angle i n  X'Z'-plane between plane containing X- and Y-axes 
and XI-axis, radians 

angle i n  XiZi-plane of o r i en ta t ion  of  pos i t ion  vector  t o  
capsule, radians (see f i g .  1) 

indica tes  i n i t i a l  conditions 

A dot over a symbol ind ica tes  t h e  der iva t ive  with respect  t o  time. 
The p re f ix  A ind ica tes  a change o r  increment. 

CALCULATIONS 

General Considerations 

Two types of ca lcu la t ions  were made i n  the  present  inves t iga t ion  of 
The f i rs t  group t h e  dynamic behavior of a Project  Mercury tes t  capsule. 

of ca lcu la t ions  were made i n  order t o  determine t h e  e f f e c t  of various 
design and i n i t i a l  conditions on t h e  dynamic behavior of t h e  capsule. 
These ca lcu la t ions  were continuous t r a j e c t o r y  ca lcu la t ions  from reent ry  
a t  an a l t i t u d e  of 450,000 feet down t o  an a l t i t u d e  where t h e  Mach number 
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decreased t o  a value appreciably below 1.0. The second group of calcu- 
l a t i o n s  were made t o  evaluate the  a b i l i t y  of t h e  control  system t o  com- 
pensate f o r  a r b i t r a r i l y  imposed disturbances which were i n i t i a l l y  in t ro -  
duced a t  s i x  d i f f e ren t  a l t i t u d e s  along the  t r a j ec to ry .  

Included i n  the  f i rs t  group of calculat ions were t h e  e f f e c t s  on the  
capsule behavior of i n i t i a l  roll rate, r e l a t i v e  lateral  displacement 
between the center  of pressure and t h e  center of g rav i ty  (here inaf te r  
re fer red  t o  as center-of-gravity o f f s e t ) ,  and threshold of a je t - reac t ion  
on-off control  system responding t o  p i tch ,  yaw, and roll rates. Since 
the i n i t i a l  r o l l  angle a t  reent ry  would not be known exactly,  calcula- 
t i ons  were made w i t h  various i n i t i a l  roll angles i n  combination wi th  
center-of-gravity o f f s e t s .  Because the  various combinations of i n i t i a l  
r o l l  angle and center-of-gravity o f f s e t  provide d i f f e ren t  i n i t i a l  t r i m  
angles of a t tack ,  t h e  dispersion area as w e l l  a s  the dynamic behavior 
could be determined from these calculat ions.  Inasmuch as the  f irst  
parachute deployment w a s  t o  occur a t  
f o r  t he  dispers ion study. 
behavior of the  capsule wi th  t he  control  system inoperative a f t e r  t h e  
peak heating region was passed; the control  system f o r  t h i s  case was 
inoperative after reaching 

determine the  behavior of the  capsule with t h e  control  system inoperative 
a t  a l l  times. I n  order t o  determine the s ignif icance of resonance on the 
behavior, addi t iona l  calculat ions were made with i n i t i a l  r o l l  rates of 
0, 1, and 6 rpm w i t h  the control  system inoperative.  
t o r i e s  of t he  f i rs t  group of calculat ions were computed by use of 10 t o  
20 poin ts  per  half-cycle (depending on t h e  frequency of o s c i l l a t i o n )  
when an o s c i l l a t i o n  w a s  present i n  the angle of a t tack .  Also, these 
calculat ions were m a d e  w i t h  a given i n i t i a l  heading t o  a prescribed 
impact area and with the  i n i t i a l  conditions given i n  appendix B. 

M = 1.0, t h i s  point  was se lec ted  
Calculations were a l so  made t o  determine the  

AvR = 5.0. Also, a ca lcu la t ion  was made t o  

All of the t r a j e c -  

For the  second group of ca lcu la t ions  a reference t r a j e c t o r y  was 
f i rs t  calculated,  by t h e  previously described procedure, f o r  f l i g h t  
along the  equator. This case had an i n i t i a l  r o l l  r a t e  of 1 rpm, no 
center-of-gravity o f f se t ,  and t h e  control  system inoperative.  Six a l t i -  
tudes were selected from t h i s  t r a j e c t o r y  i n  which was an even mul- 
t i p l e  of 360° i n  order t o  facil i tate t h e  introduct ion of a r b i t r a r y  s tep 
disturbances i n  angle of a t t ack  and i n  p i t c h  and yaw rates. 
were then made at  these- s ix  a l t i t u d e s  i n  order t o  determine the ef fec t ive-  
ness of t he  control  system i n  handling a r b i t r a r y  disturbances.  
t i o n s  were made with constant computing in t e rva l s  f o r  t h e  cases of (a) no 
disturbances w i t h  the cont ro l  system inoperative,  (b) s t ep  disturbances 
introduced with t h e  cont ro l  system inoperative,  and (c )  s t ep  disturbances 
introduced with the cont ro l  system operating outs ide of a threshold of 
1.0 deg/sec. The calculat ions with t h e  cont ro l  system inoperative and 
without disturbances a l so  provided information on t h e  peak rates that 
would e x i s t  at  poin ts  along t h e  t r a j ec to ry .  

do 
Calculations 

Calcula- 
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I n i t i a l  conditions f o r  both groups of ca lcu la t ions  a re  given i n  
appendix B and o ther  pe r t inen t  da ta  a r e  given i n  t a b l e s  I and 11. 
ca lcu la t ions  were made on an  IBM 704 e l ec t ron ic  da t a  processing machine 
f o r  a spher ica l  nonrotating ea r th .  
zero density was used. 

A l l  

Above an  a l t i t u d e  of 390,000 feet 

Aerodynamic, Mass, and Dimensional Charac te r i s t ics  

The general arrangement of t he  capsule i s  shown i n  f i gu re  2. The 

These curves a r e  based 
aerodynamic der iva t ives  and coe f f i c i en t s  used i n  t h e  ca lcu la t ions  are 
shown i n  f igu re  3 as functions of Mach number. 
on der iva t ives  experimentally determined i n  various NASA f a c i l i t i e s  
( r e f s .  4 and 5) and on values supplied by the  NASA Space Task Group. 
Changes.in der iva t ives  were made during the  ca lcu la t ions  i n  t h e  manner 
indicated i n  f igu re  3 .  
from o s c i l l a t i o n  t e s t s  and therefore  represent t he  t o t a l  damping deriva- 
t i v e s  Cmq + Cmk and Cn 

be r  i s  a l s o  based on o s c i l l a t o r y  der iva t ives  ( r e f s .  4 and 5 ) .  
der iva t ives  were obtained a t  a = 00 
s iderably  with angle of a t t ack .  
only these  values were ava i lab le .  

and C were obtained 
G S  nr 

The der iva t ives  

The curve of Cma against  Mach nun- 

and some would probably vary con- 
A t  t h e  time t h e  ca lcu la t ions  were made 

- cnP. r 
A l l  

The following mass and dimensional parameters were used f o r  a l l  
ca lcu la t ions  : 

m, s l u g s . .  . . . . . . . . . . . . . . . . . . . . . . . . . .  65.2 
s, sq f t  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  30.272 . . . . . . . . . . . . . . . . . . . . . . . . . .  6.208 
I s lug - f t  ‘ 2  . . . . . . . . . . . . . . . . . . . . . . . . .  200 

s iug- f t2  . . . . . . . . . . . . . . . . . . . . . . . . .  360 
I) ( f i g .  l ( b ) ) ,  in.  . . . . . . . . . . . . . . . . . . . .  0, 1/4, 1/2 

d, f t  

‘b’ 

RESULTS AND DISCUSSION 

Presentation of Results 

Q, and h are 
VR’ 

Some t r a j e c t o r y  c h a r a c t e r i s t i c s  VR, M, A 

p lo t t ed  as a function of  t i m e  i n  seconds i n  f igu res  4 t o  8 f o r  severa l  
of t h e  ca lcu la t ions  of r een t ry  a t  an i n i t i a l  a l t i t u d e  of 450,000 feet .  
The e f f e c t s  of control-system threshold,  i n i t i a l  roll r a t e ,  center-of- 
g r a v i t y  o f f s e t ,  i n i t i a l  r o l l  angle, cu t t ing  the  cont ro l  system off a t  
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AvR = 5.0,  and having the  control  system inoperat ive a t  a l l  times on the  

va r i a t ion  of angle of a t t ack  with t i m e  a r e  shown i n  f igu res  9 t o  16. 
, 

The e f f e c t  of i n i t i a l  roll rate on resonance i n  angle of a t t ack  fo r  
t h e  capsule with t h e  cont ro l  system inoperat ive i s  shown i n  f igu re  17. 

The dispers ion area, as af fec ted  by i n i t i a l  roll r a t e  and center-  
of-gravi ty  o f f s e t ,  i s  shown i n  f igu re  18 f o r  t he  capsule with a control-  
system threshold of 1.0 deg/sec. 

The cha rac t e r i s t i c s  of a t r a j e c t o r y  on equator ia l  f l i g h t ,  made €or 
t he  purposes of obtaining i n i t i a l  conditions a t  various a l t i t u d e s  f o r  
addi t iona l  ca lcu la t ions ,  a r e  shown i n  f i gu re  19. Based upon the  i n i t i a l  
conditions obtained from f igu re  19 a t  s i x  a l t i t u d e s  along the  t r a j ec to ry ,  
t h e  e f f ec t s  of a r b i t r a r y  s t ep  disturbances i n  angle of a t t ack  and i n  the  
p i t c h  and yaw rates on the  va r i a t ion  of a, qb, and rb with time and 
t h e  e f fec t iveness  of the  control  system i n  compensating f o r  the  d is turb-  
ances are shown i n  f igu res  20 t o  25. 

I 

General Remarks 

The t r a j e c t o r y  cha rac t e r i s t i c s  of f i gu res  4 t o  8 are presented f o r  
t h e  sake of  completeness. 
decelerat ion and dynamic pressure occur at e s s e n t i a l l y  t h e  same t i m e  f o r  
a l l  cases.  The magnitude of the  peak values i s  somewhat lower f o r  t he  
cases i n  which t h e  nose of the  capsule i s  pointed downward. 

In  general ,  it can be sa id  t h a t  peak values of 

Dynamic S t a b i l i t y  Over Entire Reentry 

From t = 0 (450,000-foot a l t i t u d e )  t o  t = 80 seconds, t h e  region 
where a i r  dens i ty  was zero, all cases show t h e  same e s s e n t i a l l y  l i n e a r  
increase i n  angle of a t t ack  ( f ig s .  9 t o  16).  
a t t ack  i s  a t t r i b u t a b l e  t o  t h e  f l i g h t  path curving downward while t he  
capsule a t t i t u d e  remains unchanged because an aerodynamic r e s to r ing  moment 
does not ex is t  due t o  the  lack of air. 
moment causes an o s c i l l a t i o n  i n  angle of a t t ack  t o  develop, t h e  period and 
amplitude of which are functgons of dynamic pressure ( the  va r i a t ion  of 
dynamic pressure with time is  shown i n  f i g s .  4 t o  8) and are af fec ted  t o  
some extent  by the  condition6 imposed on t h e  capsule a t  reent ry .  

This increase i n  angle of 

A f t e r  reaching the  a i r  the  r e s to r ing  

Abrupt changes i n  t h e  der iva t ives  were made at  M = 5.0,  3.5, 2.5, 
1.5, and 1.0 
e f f e c t s  only f o r  Mach numbers of 2.5 and less ( f i g s .  9 t o  16) .  
numbers above 3.5 the  der iva t ive  & was t h e  only one changed. The 

( f ig .  5 )  and it appears t h a t  these  changes have not iceable  
For Mach 

4 

CONFIDXNTIAL 



............... . . 0.. 0 .  . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . .  ........................ 
10 CONFIDENTIAL 

pos i t i ve  s h i f t  i n  t h e  trim angle of a t t ack  a t  M = 2.5 can be a t t r i b -  
uted t o  t h e  decrease i n  and the  change i n  CZ, from negative t o  

pos i t ive .  The change i n  C% at  t h i s  Mach number i s  s t a b i l i z i n g  and 
causes a decrease i n  amplitude of o s c i l l a t i o n .  A t  M = 1.5, t he  decrease 
i n  trim angle of a t t ack  i s  due t o  the  decrease i n  Cx which causes a 
decrease i n  moment because the re  i s  a r e l a t i v e  displacement between t h e  
center  of pressure and the  center  of grav i ty .  The only other  der iva t ive  
changed a t  M = 1.5 was Cmq; t h i s  change causes the  amplitude t o  increase.  
For t he  M = 1.0 change, Cm, i s  decreased again and the  t r im angle of 

a t t ack  again increases,  and the  change i n  i s  of such a nature t h a t  
t h e  amplitude decreases. The e f f e c t s  of these changes i n  der iva t ives  on 
t h e  motions are modified, of course, by control-system threshold,  i n i t i a l  
roll r a t e ,  and r e l a t i v e  l a t e r a l  displacement between the  center of pressure 
and t h e . c e n t e r  of gravi ty .  The e f f e c t  of these and other  conditions a t  
reent ry  on t h e  behavior a re  discussed i n  t h e  sec t ions  t h a t  follow. 

Gq 

Effec ts  of control-system threshold and i n i t i a l  roll rate.- For 
both the  nonroll ing ( f i g .  9) and t h e  r o l l i n g  ( f i g .  10) capsule, an 
increase i n  control-system threshold from 0.5 deg/sec t o  1.0 deg/sec i n  
general  doubles t h e  amplitude of o s c i l l a t i o n  i n  angle of a t t ack  but has 
e s s e n t i a l l y  no e f f e c t  on t h e  frequency. 
first peak angle of a t t a c k  i s  reached, t he  r o l l i n g  capsule has a somewhat 
higher amplitude of o s c i l l a t i o n  than t h e  nonroll ing capsule. 
can be seen d i r e c t l y  from f igu re  11 f o r  a control-system threshold of 
0.5 deg/sec and by a comparison of f igu res  9 and 10 f o r  a threshold of 
1.0 deg/sec. 

A t  t h e  high a l t i t u d e s  a f t e r  t he  

This behavior 

A t  a Mach number of 1.0, t h e  point  of f i rs t  parachute deployment, 
t h e  use of d i f f e r e n t  threshold values had e s s e n t i a l l y  no e f f e c t  on t h e  
trim angle of a t t ack  f o r  e i t h e r  t he  r o l l i n g  o r  nonroll ing capsule 
( f i g s .  9 and 10). The r o l l i n g  capsule, however, d id  have a lower t r i m  
angle of a t t a c k  than d id  the  nonroll ing capsule a t  Mach number 1.0 
( f i g .  14 ) .  For a l l  cases with the  cont ro l  system operating outs ide of 
a given threshold t h e  angle of a t t a c k  a t  Mach number 1.0 w a s  less than 
about 2.5'. 

Ef fec ts  of center-of-gravity o f f s e t  and i n i t i a l  roll angle.-  Since 
the  e f f e c t s  of i n i t i a l  roll angle are coupled t o  t h e  e f f e c t s  of center- 
of-gravi ty  o f f s e t ,  they are discussed together  i n  t h i s  sect ion.  With t h e  
capsule r o l l i n g  i n i t i a l l y  at  1 rpm and with a control-system threshold of 
1.0 deg/sec, an increase i n  center-of-gravity o f f s e t  from 1/4 t o  1/2 inch 
approximately doubles t h e  trim angle of a t t ack  f o r  a l t i t u d e s  below about 
300,000 feet ( f i g .  12) and has e s s e n t i a l l y  no e f f e c t  on t h e  anplitude of 
o s c i l l a t i o n  about t he  trim value o r  on t h e  frequency of o s c i l l a t i o n .  A t  
Mach number 1.0 the  t r im  angles of a t t ack  are about l.Oo and 2.00 f o r  1/4- 
and 1/2-inch center-of-gravity o f f se t s ,  respect ively.  
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A s  previously mentioned, t he  dispers ion a rea  a t  M = 1.0 was de ter -  
mined by varying the  i n i t i a l  roll angle 
o f f s e t .  Since this  produced various i n i t i a l  trim angles of a t tack ,  these  
cases are a l s o  of i n t e r e s t  from a s t a b i l i t y  standpoint.  
capsule with l/b-inch center-of-gravity o f f s e t  ( f i g .  IS), a change i n  go 
from Oo t o  180° r e s u l t s  i n  somewhat l a rge r  amplitudes of o s c i l l a t i o n  a t  
the  higher a l t i t udes ,  and smaller amplitudes a t  t h e  lower a l t i t u d e s  corre- 
sponding t o  Mach numbers less than 1.0. 
i n i t i a l  roll angles of 60° and 240° were selected.  
capsule reached an a l t i t u d e  of 390,000 f e e t  where the  dens i ty  f i r s t  had a 
value, t h e  r o l l i n g  vehicle  with 
sponding t o  of the  nonroll ing capsule and the  r o l l i n g  vehic le  
with go = 600 corresponded t o  go = 180' of t h e  nonroll ing capsule. 
With t h i s  i n  mind it can be seen t h a t  the  e f f e c t s  of i n i t i a l  roll angle 
f o r  t h e  r o l l i n g  capsule ( f i g .  14) a re  genera l ly  similar t o  t h e  e f f e c t s  
of i n i t i a l  r o l l  angle f o r  t he  nonroll ing capsule ( f i g .  13) .  

go f o r  a given center-of-gravity 

For the  nonroll ing 

For the  r o l l i n g  capsule ( f i g .  14)  
By the  t i m e  the  r o l l i n g  

Po = 2400 reached a . p o s i t i o n  corre- 

go = Oo 

Effec ts  of terminating control-system operation a t  AvR = 5.0 and 

of completely inoperat ive cont ro l  system.- Since it has been previously 
mentioned t h a t  t he  capsule would have passed the  peak heating region a t  
t h e  time when 
t h i s  po in t  i n  order t o  determine t h e  behavior t h e r e a f t e r  without s t a b i l i t y  
augmentation. 
was made inoperat ive a t  

almost immediately and, although t h e  angle of a t t ack  at  M = 1.0 i s  s t i l l  
under 5 O ,  very la rge  angles a re  reached the rea f t e r .  By comparison, when 
t h e  control  system w a s  operating throughout t he  t r a j ec to ry ,  t he  angle of 
a t t ack  w a s  much lower espec ia l ly  a t  t h e  subsonic Mach numbers ( f i g .  15).  

AvR = 5.0,  t he  control-system operation w a s  terminated a t  

The da ta  of f igu re  1-5 show t h a t ,  a f t e r  t he  control  system 
AvR = 5.0, t he  angle of a t t ack  begins t o  diverge 

With t h e  cont ro l  system inoperat ive throughout t he  t r a j e c t o r y  
( f i g .  16), much larger o s c i l l a t i o n s  i n  t h e  angle of a t t a c k  were general ly  
obtained although the  t r i m  angle  of a t t a c k  was about t h e  sane down t o  
M = 10 as f o r  t h e  case with t h e  cont ro l  system i n  operation. A t  M = 1.0 
the  maximum angle of a t t a c k  i s  about 20' f o r  t he  case with the  cont ro l  
system inoperat ive compared w i t h  about 2' with the  cont ro l  system oper- 
a t ing .  Although the  aerodynamic der iva t ives  were changed i n  t h e  s tep-  
funct ion pa t t e rn  shown i n  figure 3, it i s  believed t h a t  t he  ac tua l  behav- 
i o r  of t h e  capsule would be similar t o  t h a t  represented herein.  The 
per iodic  appearance of t he  angle-of-attack envelope f o r  Mach numbers 
above 3 i s  a t t r i b u t a b l e  t o  t h e  combined e f f e c t s  of roll rate and center- 
of-gravi ty  o f f s e t .  It i s  more pronounced f o r  t he  capsule with the  inoper- 
a t ive  cont ro l  system betause t h e  e f f e c t i v e  damping of t h e  cont ro l  system 
i s  unavailable.  
nonroll ing capsule with center-of-gravity o f f s e t  ( f i g .  9) or t he  r o l l i n g  
capsule without center-of-gravity o f f s e t  ( f i g .  l g (b )  ) . 

This type of o s c i l l a t i o n  d id  not occur f o r  e i t h e r  t h e  
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Resonance Effec ts  With Control System Inoperative 

When t h e  roll rate and t h e  p i t c h  o r  yaw frequency are i n  coincidence, 
resonance phenomenon can occur i n  t h e  angle-of -a t tack motion ( refs  . 2 
and 3 ) .  
f o r  l /4-inch center-of-gravity o f f se t  and 
tem inoperat ive over an a l t i t u d e  range from 450,OOQ f e e t  t o  about 
275,000 feet .  
l i k e l y  t o  occur only a t  high a l t i t u d e s  where t h e  p i t c h  and yaw frequencies 
a re  low; it ac tua l ly  occurs only f o r  t h e  6-rpm case ( f i g .  17). 
of resonance begins f o r  t h i s  case a t  an a l t i t u d e  of about 325,000 feet  
where t h e  amplitude of o s c i l l a t i o n  begins t o  increase rapidly,  with t h e  
peak occurring at an a l t i t u d e  of about 3OO,OOO feet .  A t  an a l t i t u d e  of 
3OO,OOO f e e t  t h e  p i t c h  frequency i s  0.1 cycle/sec which coincides with 
t h e  r o l l  frequency of 0.1 cycle/sec f o r  t h e  6-rpm case. The add i t iona l  
peak angles of attack tha t  occur a t  lower a l t i t u d e s  are similar t o  those 
t h a t  were previously described (cont ro l  system inoperat ive)  with an i n i -  
t i a l  r o l l  ra te  of 1 rpm and 1/2-inch center-of-gravity o f f s e t .  
higher peak angle of a t t a c k  f o r  the  6-rpm case i s  due t o  the  increased 
gyroscopic e f f e c t  as compared with t h e  0-rpm and 1-rpm cases.  

Calculations were made f o r  i n i t i a l  r o l l  rates of 0, 1, and 6 rpm 
with t h e  cont ro l  sys- go = 0' 

Since the  r o l l  rates are r e l a t i v e l y  low, resonance i s  

The onset  

The 

Dispersion 

A s  previously mentioned, t he  dispers ion area was determined by 
providing var ious amounts of i n i t i a l  trim angle of a t t ack  a t  an a l t i t u d e  
of 450,000 f ee t .  These i n i t i a l  trim angles of a t t a c k  were obtained from 
combinations of i n i t i a l  roll angle and center-of-gravity o f f s e t .  Since 
i n i t i a l  parachute deployment was t o  occur a t  Mach number 1.0, t h i s  po in t  
w a s  se lec ted  f o r  t h e  dispers ion study. Dispersion areas a r e  usua l ly  
e l l i p t i c a l  i n  shape with t h e  major a x i s  of t h e  e l l i p s e  extending down 
range. I n  t h e  present  inves t iga t ion ,  c i r c l e s  were used f o r  d i spers ion  
areas because enough poin ts  t o  def ine the  a c t u a l  e l l i p t i c a l  area were 
not calculated.  For t h e  p a r t i c u l a r  computation program used herein,  
range could only be computed f o r  equator ia l  o r  meridional f l i g h t .  
f l i g h t s  with headings o the r  than these,  only t h e  impact coordinates could 
be computed. The a c t u a l  range would be similar t o  t h a t  shown i n  f i g -  
ure Ig (e )  f o r  equa to r i a l  f l i g h t .  

For 

The impact coordinates are p lo t t ed  i n  f igu re  18 f o r  var ious i n i t i a l  
conditions f o r  t he  capsule with t h e  cont ro l  system operat ing outs ide of 
a threshold of 1.0 deg/sec. With po = 0 rpm and 1/4-inch center-of- 
g rav i ty  o f f s e t ,  t he  dispers ion area i s  contained within a c i r c l e  of about 
53,900 feet  i n  diameter o r  about 8.9 nau t i ca l  m i l e s .  However, when a 
roll rate of 1 rpm i s  used, t h i s  area i s  reduced t o  a c i r c l e  of about 
1,500 fee t  i n  diameter (0.25 nau t i ca l  m i l e ) .  
o f f s e t  i s  increased from 1/4  t o  1/2 inch f o r  t h e  r o l l i n g  vehicle ,  t h e  

When t h e  center-of-gravity 
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c i r c l e  i s  increased t o  a diameter of 2,480 f e e t  (0.41 nau t i ca l  mi l e ) .  
The angles of a t t ack  t h a t  e x i s t  a t  t he  points  of dispers ion are presented 
i n  t a b l e  I11 and a r e  the  values j u s t  p r i o r  t o  the  change i n  der iva t ives  
a t  M = 1.0. In  a l l  cases t h e  angle of a t t ack  i s  21' o r  less. 2 

Dynamic S t a b i l i t y  a t  Six Alt i tudes 

I n  order t o  determine the  effect iveness  of the  control  system i n  
overcoming a r b i t r a r y  s tep  disturbances,  ca lcu la t ions  were made i n  which 
s tep  disturbances were introduced i n  the angle of a t t ack  and the  p i t c h  
and yaw r a t e s  about the  body axes a t  s i x  a l t i t u d e s  se lec ted  along the  
equator ia l  t r a j e c t o r y  described i n  f igure  19. Per t inent  da ta  concerning 
these  ca lcu la t ions  are given i n  t a b l e  11. 

Angle of a t t ack  and p i t ch  and yaw rates about t he  body axes a r e  
p lo t t ed  against  t i m e  f o r  t he  s i x  a l t i t u d e s  i n  f igu res  20 t o  25.  A l l  da ta  
are f o r  an i n i t i a l  r o l l  r a t e  of 1 rpm and no center-of-gravity o f f s e t .  

Angle-of-attack charac te r i s t ics . -  A t  t he  highest  a l t i t u d e  
(407,146 f t ,  f i g .  20(a) ) ,  no o s c i l l a t i o n  e x i s t s  f o r  the  undisturbed 
case (cont ro l  system inoperat ive)  because of a lack of a i r  densi ty .  
Short ly  a f t e r  t he  introduct ion of the  disturbances the  angle of a t t ack  
decreases as a. r e s u l t  of t he  manner i n  which the  
introduced. Thereaf ter ,  t he  spin about t he  Xb-axis causes t h e  angle of 
a t t ack  t o  increase t o  34' before su f f i c i en t  aerodynamic res tor ing  moment 
i s  ava i lab le  t o  cause the  angle t o  decrease. When the  cont ro l  system i s  
operative,  t he  f irst  peak angle i s  reduced t o  l 3 O  and the rea f t e r  the  
o s c i l l a t i o n  damps rap id ly  t o  amplitudes tha t  are less than the  undis- 
turbed values.  

qb disturbance w a s  

For t he  other  a l t i t u d e s ,  t h e  cont ro l  system general ly  reduces the  
angle of a t t a c k  of t he  dis turbed cases t o  those of t h e  undisturbed cases 
but t he  t i m e  required va r i e s  with a l t i t u d e  ( f i g s .  21(a) t o  25 (a ) ) .  In  
t h e  region of maximum dynamic pressure ( f i g .  23(a) ) .  over 10 seconds i s  
required t o  reduce the  magnitude of t he  dis turbed amplitudes t o  the  mag- 
nitude of t he  undisturbed amplitudes. 

Rate charac te r i s t ics . -  I n  the  a l t i t u d e  range from 450,000 t o  
390,000 f e e t  t he  p i t c h  and yaw r a t e s  are zero f o r  t he  undisturbed case 
( f i g s .  20(b) and ( c ) )  because of the lack  of a i r .  
en te r s  t h e  a i r ,  it p i tches  and yaws because of t h e  angle of a t t ack  which 
had been a t t a ined  up t o  t h i s  point  ( f i g .  20 (a ) ) .  
introduced i n t o  a, qb, and rb, t h e  r a t e s  increase i n  amplitude and 

the  amplitudes i n  general  increase with t i m e  because, i n  t h i s  region, 
t h e  damping der iva t ives  ( f i g .  3) have des t ab i l i z ing  values.  When the  

When t h e  capsule 

When disturbances a r e  
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contro l  system i s  operat ive the  dis turbed r a t e s  a re  reduced t o  within 
the  threshold i n  about 0.10 second. Control-system operation i s  again 
indicated i n  the  middle time region by the  saw-tooth type of curves 
because the  r a t e s  tended t o  exceed t h e  threshold values.  Similar e f f e c t s  
a r e  shown a t  an a l t i t u d e  of 315,960 f e e t  ( f i g s .  21(b) and ( c ) ) .  
off  type of control  system used herein responds instantaneously and 
reduces the  rates t o  the  threshold values.  

The on- 

A s  t he  a l t i t u d e  decreases, t he  rates increase i n  magnitude and 
exceed the  threshold values ( f i g s .  22 t o  2 5 )  f o r  both the  undisturbed 
and the dis turbed cases when the  control  system i s  inoperative.  When 
the  control  system i s  operative,  the  p i t c h  r a t e s  i n  most cases were not 
contained t o  threshold values but  t he  yaw r a t e s ,  i n  general ,  were reduced 
t o  threshold values i n  the  t i m e  studied. 

For both the  undisturbed and dis turbed cases with the control  system 
inoperative,  peak r a t e s  occur near Mach number 1.0 ( f i g s .  25(b) and ( c ) ) .  
The undisturbed peak r a t e s  a t  M = 1.0 were about 4 1  deg/sec and 
24 deg/sec f o r  p i t c h  and yaw, respect ively.  
would occur f o r  t he  capsule j u s t  p r i o r  t o  parachute deployment if  t h e  
cont ro l  system was inoperat ive throughout t he  t r a j ec to ry .  

These a re  t h e  values t h a t  

CONCLUSIONS 

An a n a l y t i c a l  inves t iga t ion  t o  determine t h e  dynamic behavior of 
a Project  Mercury t e s t  capsule during reent ry  from an a l t i t u d e  of 
450,000 f e e t  and the  dispers ion area a t  a Mach number of 1.0 has been 
made, and the  r e s u l t s  ind ica te  the  following conclusions: 

1. With the  cont ro l  system operat ive a t  a l l  times the  angle of a t t ack  
a t  a Mach number of 1.0, t he  point  of f irst  parachute deployment, was i n  
a l l  cases l e s s  than about 2;2 10 ; whereas, with the  control  system inopera- 

t i v e  a t  a l l  t i m e s  t h e  capsule a t t a ined  an angle of a t t a c k . o f  about 20° 
a t  Mach number 1 .O . 

2. When the  r e l a t i v e  displacement between the  center  of g rav i ty  and 
the  center  of pressure was increased (cont ro l  system operat ive)  from 1/4 
t o  1/2 inch, t h e  t r im  angle of a t t ack  was general ly  doubled f o r  a l t i t u d e s  
below about 3O0,OOO f e e t  but  had a negl ig ib le  e f f e c t  on the  amplitude of 
the  o s c i l l a t i o n .  

3. An increase i n  control-system threshold from 0.5 deg/sec t o  
1.0 deg/sec allowed t h e  capsule t o  reach g rea t e r  amplitudes of o s c i l l a -  
t i o n  but  d id  not appreciably a f f e c t  t he  trim angle of a t t ack .  
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l/h-inch center-of -gravi ty  o f f se t  and a 1.0 deg/sec thres -  
of an i n i t i a l  roll r a t e  of 1 rpm reduced the dispers ion 
r c l e  of approximately 8.9 naut ica l  miles i n  diameter f o r  

t h e  nonrol l ing capsule t o  a c i r c l e  of about 0.25 nau t i ca l  mile i n  diame- 
t e r  f o r  t h e  r o l l i n g  vehicle .  
threshold,  an increase i n  center-of-gravity o f f s e t  from 1/4 t o  1/2 inch 
about doubled the  diameter of t he  dispers ion c i r c l e .  

For t he  r o l l i n g  capsule, with a 1.0 deg/sec 

5 .  The cont ro l  system, i n  general ,  reduced the  p i t c h  and yaw rates 
t o  within the  threshold a f t e r  a r b i t r a r y  disturbances were introduced i n  
the  angle of a t t ack  and i n  t h e  r a t e s .  

were introduced. 

The time required t o  reduce these 
I r a t e s  var ied considerably with the  a l t i t u d e  a t  which the  disturbances 

6. With t h e  cont ro l  system inoperative a t  a l l  times the  capsule with 
an i n i t i a l  reen t ry  angle of a t t ack  of  Oo experienced maximum p i t c h  and 
yaw rates a t  about Mach number 1.0, t he  poin t  of f i r s t  parachute deploy- 
ment. 
was about 24 deg/sec. 

The peak p i t c h  rate was about 4 1  deg/sec and t h e  peak yaw r a t e  

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley F ie ld ,  Va. ,  Ju ly  15, 1960. 
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APPENDIX A 

EQUATIONS OF MOTION, ASYMMETRY CONSIDERATIONS, AND 

DESCRIPTION OF CAPSULE CONTROL SYSTEM 

EQUATIONS OF MOTION 

The equations of motions used here in  are b a s i c a l l y  those of r e f e r -  
ence 1 with t h e  drogue parachute terms neglected and terms t o  include 
t h e  e f f e c t s  of center-of-gravity o f f s e t  and control-system torques 
included. The equations t h a t  describe t h e  motion of t h e  capsule with 
respect t o  the  axes system of f igu re  1 are given as follows: 

X-f orce equation : 

R 2  

R3 
* & A  u = - cX cos u - g "(x cos ~r cos e + y s i n  e + z s i n  ~r cos e )  - qw + rv 

m 

Y-f orce equation: 

Re2 + = CY - g -(-x cos + s i n  e + y cos e - z s i n  q s i n  e )  
m a VR R3  

A r u  + qw tan  8 

Z-force equation: 

R , 2  
m ck 6 - R 3  

g -(-x s i n  q + z cos q )  - qv t a n  e + qu - Q A  W w = -  

X-moment equation: 

Y-moment equation: 
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Z-moment equation: 

+ <P% cos + ~y~ s i n  9) 

Relationships used with these  equations are as follows: 

= p - q t a n  8 

e = r  

-9 
l# = -  

cos 8 

i = u cos 8 cos q - v s i n  8 cos $ - w s i n  $ 

i = u s i n  8 + v cos 8 

i = u COS 8 s i n  q - v s i n  8 s i n  q + w cos q 

The angle of a t tack ,  t he  angle between t h e  t o t a l  ve loc i ty  vector  
and t h e  capsule longi tudinal  ax is ,  i s  defined as 

Jv' + ,* 
VR 

s i n  a = 

with t h e  r e su l t an t  ve loc i ty  defined as 

Al t i tude  i s  defined as 

h = dx2 + y2 + z2 - Re 

where Re = 20.909 x 10 6 feet, an average value of t h e  ea r th  rad ius  during 

t h e  reentry.  Lati tude i s  defined as 
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Y - e = tan-1 
V'z-2 

and f o r  s m a l l  changes i n  l a t i t u d e ,  longitude i s  given by 

ASYMMETRY CONSIDERATIONS 

Forces ac t ing  a t  a center  of pressure t h a t  -s nc co-ncident with 
the  center  of grav i ty  produce moments about t h e  axes system located a t  
the  center  of gravi-ty. Displacements between the center  of pressure 
and the center  of grav i ty  used i n  the  ca lcu la t ions  were 1/4 and 1/2 inch 
and an examination of t h e  dis tances  and t h e  magnitude of  t h e  various 
der iva t ives  indicated t h a t  f o r  fo re  and a f t  displacements t he  der iva t ives  
were changed only i n  the  t h i r d  d i g i t .  Since these  changes were within 
t h e  accuracy of t h e  knowledge of the  der iva t ives ,  no changes were made 
i n  fo re  and a f t  displacement. 
s m a l l  v e r t i c a l  o r  la teral  displacements between the  center  of pressure 
and t h e  center  of grav i ty  produce s ign i f i can t  moments. 
along t h e  Y- and Z-axes produce r o l l i n g  moments when the re  i s  a displace-  
ment. These moments vary with the  angle @ as indicated i n  f igu re  l ( b )  
and are shown i n  the  equations of motion as funct ions of 

Since the  longi tudinal  force  i s  la rge ,  

Also t h e  forces  

(8. 

CONTROL-SYSTEM OPERATION 

The tes t  capsule has an automatic on-off reac t ion  cont ro l  system 
responding t o  p i tch ,  yaw, and roll rates about t he  body axes. The body 
axes roll through an angle about t he  X-axis, which is  coincident 
with t h e  Xb-aXiS; thus,  it i s  necessary t o  determine body axes rates 
from 

$ 

qb = q cos $ + r s i n  $ 

rb = r cos 9 - q s i n  9 

The torques appl ied by the  cont ro l  system when t h e  body axes rates 
exceed a given threshold a r e  given i n  the  following table: 
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Control Torque, 
f t - l b  Thre sho Id 

Mxb = 0 Roll 

M 'b = 6  
M 'b = -6 

~~~~~~ 

(P" - K, < pbo < (P" + K, 

% < p b , - K  

P " > % , + K  

I Yaw 

M% = 30 

M% = -30 

Mq, = 0 I 
rb  < -K 

r,, > K 

I -K < rb  < K 

I Two values of t he  threshold l i m i t  K were invest igated,  0.5 deg/sec 
and 1.0 deg/sec. 
of t h e  je ts  i s  shown i n  f igu re  2. 
mount of f u e l  consumed during control-system operation. 
were appl ied as long as was necessary t o  reduce the rates t o  threshold 
values. 
i n  sketch ( a ) .  

No time l a g  was incorporated i n  the  system. Location 
It was not possible  t o  determine t h e  

The torques 

I l l u s t r a t i o n  of t he  regions of control-system operation i s  shown 

2 

+ 

0 

K 

-K 

Sketch (a) 
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APPENDIX B 

INITIAL CONDITIONS FOR CALCULATIONS 

INITIAL CONDITIONS WITH HEADING CONSIDERED 

Equations f o r  Determination of I n i t i a l  Conditions 

It can be shown .that t he  v e l o c i t i e s  along the  X-, Y-, and Z-axes 
a r e  given as 

4 = VR(sin 6 cos S cos \Ir + cos 6 cos H s i n  + cos 6 s i n  H cos S cos 7)  
- 

= V R ( s i n  6 sin e - cos 6 s i n  H cos 8) 

i = V,(-COS 6 cos H cos if + cos 6 s i n  H s i n  S s i n  \Ir + s i n  6 cos S s i n  \Ir) 

where 6 i s  t h e  inc l ina t ion  of t h e  f l i g h t  path with respec t  t o  t h e  l o c a l  
hor izonta l  and H i s  t h e  heading angle measured i n  a p ane tangent t o  the 
surface of t he  e a r t h  a t  a point located a t  and e.  The angle H i s  
pos i t i ve  when measured from t h e  east toward the  south. 
t h e  equations for  2, f ,  and i reduce t o  

When 3; = To = go0, 

io = ( V R ) ~  COS 6, COS Ho 

- to = (VR)o(sin 6, s i n  8, - cos 6, s i n  Ho cos 

- - 
io =  cos 6, s i n  H, s i n  8, + s i n  6, cos e o )  

When t h e  equations f o r  2, i, and d given i n  appendix A a r e  solved 
by t h e  method of determinants, t h e  v e l o c i t i e s  along t h e  X-, Y-, and 
Z-axes are given by 

u = j ,  cos 8 cos JI + j r  s i n  8 + i cos 8 s i n  J, 

v = -2 s i n  8 cos JI + j ,  cos 8 - i s i n  8 s i n  JI 

w = -k s i n  ~r + i cos JI 

Since a t  r een t ry  it was des i red  t o  have t h e  angle of a t t a c k  zero, 
and v = w = 0. With these  subs t i t u t ions  i n  t h e  equations f o r  u, v, 
and w,  t h e  angles JIo and 8, are 

u = VR 
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-1 20  $ = t a n  - 
0 

GO 

-I YO 8, = t an  

\ITa,)* + ( i o ) 2  

Conditions f o r  Calculat ions 

0 ,  A t  reentry a t  an a l t i t u d e  of 450,000 fee t  wi th  To = 90°, a. = - 
H, = 20.83O, 
are given as 

6, = -1.594', and 8, = 24.736', t h e  i n i t i a l  condi t ions  

u0 = VR = 25,461.46 ~ P S  

vo = 0 

wo = 0 

8, = -19.542O 

Id0 = oo, 60°, 180°, 240° (go  was varied t o  determine t h e  dispersion f o r  
a given la teral  displacement, 
center of pressure and center of gravi ty)  

D, between the 

D = 0,  1 inch (see f ig .  l(b)) 4' 2 

P, = 0,  1, 6 r p m  

ro = 0 

xo = 0 

6 Y, = 8.939 x 10 f t  

z0 = 19.398 x 10 6 f t  

Re = 20.909 x lob ft  
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INITIAL CONDITIONS FOR EQUATORIAL FLIGHT 

For the  study of t h e  dynamic s t a b i l i t y  a t  various i n i t i a l  a l t i t u d e s  
one t r a j e c t o r y  was calculated along the  equator without center-of-gravity 
o f f s e t  ( D  = 0 ) .  The i n i t i a l  conditions f o r  t h i s  t r a j ec to ry  are 

u0 = VR = 23,461.46 fps  

vo = 0 

w o  = 0 

0, = 0 

$o = - 1 . 5 9 4 O  

xo = 0 

Yo = 0 

INITIAL CONDITIONS AT SIX ALTITUDES ALONG EQUATORIAL TRAJECTORY 

S ix  a l t i t u d e s  were selected from the  reference case ( f i g .  19) a t  
which 
duction of disturbances i n  a, qb, and rb. I n i t i a l  conditions f o r  

@ was an even mult iple  of 360° i n  order t o  f a c i l i t a t e  t he  in t ro -  
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about 5 O  

and rb, 
by changing w and 
t h e  s ign  being chosen 

table 11. The angle of a t t a c k  was 
f 2  deg/sec disturbances were added 

t o  increase the  amplitude of t h e  

23 

dis turbed 

motion. 
to qb 
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- 
PO , 
rPm 

0 
0 
0 

1 
1 
1 
1 

1 

1 

- 

1 

0 
1 
6 

TABLE I.- CONDITIONS FOR CALCULATION OF DYNAMIC S T A B I L I T Y  

DURING REENTRY FROM AN ALTITUDE OF 450,000 FEET 

AND D I S P E R S I O N  AT MACH NUMBER 1.0 

0 
0 
0 

c.g. 
o f f s e t ,  

i n .  

114 
114 
114 

114 
114 
114 
114 

K, 
deg/sec 

0.5 
1.0 
1.0 

0.5 
1.0 
1.0 
1.0 

1.0 

1.0 

--- 

operating range 

On a t  a 1 t i m e s  

3 

4, 9, 11 
9, 13 
5, 13 

6, io,  11 
10, 12 
14 
14 

I 7 ,  12, 15 

On t o  AvR = 5.0, 
off t h e r e a f t e r  

O f f  a t  a l l  times 

7, 15 

8, 16 

O f f  a t  a l l  times 

\1 
17 
17 
17 
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1 
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TABLE 111.- ANGLES OF ATTACK AT M = 1.0 

0 114 1.0 66,148 1.24 0.98 

66,418 1.53 1.42 

66,251 2.10 1.94 
' ! 66 , 410 2.51 2.46 

180 114 

0 114 
60 114 
240 114 

66,679 1.25 * 98 

66,249 1.00 -97 
66,387 -59 -59 

65,833 2.06 2.00 0 1/2 
60 112 
240 1/2 

,'f'' 1 deg/sec 1 ft 
Maximum Minimum I 

~~~ ~~ ~ 

aThese values are those that exist j u s t  prior to 
changing derivatives at M = 1.0. 
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Point on surface 
of earth 

X i  

Zi ' / Equatortal plane 

\ I /  

K e r  of earth 

(a) General arrangement. 

Figure 1.- System of axes. Positive velocities and displacements 
indicated. 
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Y 

at center of pressure, Center of 
pressure 

Center of 
gravity 

View along X-, Xb -  axes 
Moments about Y-and Z -  axes 

Components of resultant 
force produce rolling 
moments about X-axis 

I 
View along 

Moment about X -ax is  

X ,Xb axes 

(b )  Moments a r i s i n g  from r e l a t i v e  displacement between center  of pres-  
sure  and center  of gravi ty .  

Figure 1.- Concluded. 
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Figure 3.- Aerodynamic derivatives and Cx used in calculations. 
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(a) a as a function of t. 

0- 

Figure 20.- Effect of control-system ogeration on the variation of a, qb, and rb with time, with s tep  disturbances in a, qb, and 1-b. 
Initial altitude, 407,146 feet, 
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(b) qb as a function of t. 

Figure 20.- Continued. 
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( c )  q, as a funct ion of t .  

Figure 20.- Concluded. 



d 

c 0 

(a) a as a function of t. 

Figure 21.- Effect of control-system operation on the variation of a, 
qb, and rb with time, with step disturbances in a, qb, and rb. 
Initial altitude, 315,960 feet. 
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Time, aec 

(b )  qb as a function of t. 

Figure 21.- Continued. 
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(c )  rb as a function of t. 

Figure 21.- Concluded. 
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Time, sec 

(a) a as a funct ion of t. 

Figure 22.- E f fec t  of control-system operation on the  va r i a t ion  of a, 
qb, and rb with time, with s t ep  disturbances i n  a, qb, and rb. 
I n i t i a l  a l t i t u d e ,  219,188 f e e t .  
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(b) qb as a function of t. 

Figure 22.- Continued. 
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(c )  rb as a funct ion of t .  

Figure 22.- Concluded. 
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Time, sec 

(a) a as a function of t. 

Figure 23.- Effect of control-system operation on the variation of a, 
qb, and rb with time, with step disturbances in a, qb, and rb. 
Initial altitude, 161,891 feet. 
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Time, sec 

(b) qb as a function of t. 

Figure 23.- Continued. 
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Time ,  sec 

(c) rb as a function of t. 

Figure 23.- Concluded. 
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Time, see 

(a) a as a function of t. 

Figure 24.- Effect of control-system operation on the variation of 
a, qb, and rb with time, with step disturbances in a, qb, and rb. 

Initial altitude, 96,730 feet. 
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Figure 24.- Continued. 
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Time, BBC 

( c )  pb as a function of t. 

Figure 24.- Concluded. 
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Time, 3ec 

(a) a as a function of t. 

Figure 25.- Effect of control-system operation on the variation of 
qb, and I'b with time, with step disturbances in a, qb, and I 

Initial altitude, 68,601 feet. 
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(b) qb as a function of t. 

Figure 25.- Continued. 
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(c) rb as a function of t. 

Figure 25.- Concluded. 
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